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Introduction
It is well known, that the splitting of the first jet sequence of a vector bundle E on a complex manifold X implies that E admits a holomorphic affine connection. In this note we show that the splitting of a higher jet sequence
where k > 1, does not only have consequences for E, but also has strong consequences for the base manifold X. The following result is in a sense an infinitesimal converse to a result of Biswas, [B2] , saying that if X is a complex manifold admitting a holomorphic projective structure, then the higher jet sequences of certain tensor powers of a theta characteristic on X split holomorphically in a charateristic manner (see 1.6):
Theorem. Let X be a compact Kähler manifold of dimension n and E a vector bundle of rank r on X. If the k-th jet sequence of E splits for some k > 1, then X admits a holomorphic normal projective connection and J k−1 (E) admits a holomorphic affine connection. Moreover 1.) if det E * is not nef and X is projective or if X contains a rational curve, then X ≃ P n and E ≃ ⊕Ø Pn (k − 1),
2.) if det E
* ≡ 0, then X is covered by a torus and E admits a holomorphic affine connection,
3.) if det E
* is ample, then X is covered by the unit ball.
Here E * = Hom(E, Ø X ) denotes the dual of E.
The Theorem implies for example that the Chern classes of a compact Kähler manifold X carrying a vector bundle E with splitting k-th jet sequence for some k > 1 are related as follows:
Motivation to this note was the following problem. Projective space P n , etale quotients of complex tori and manifolds, whose universal cover is the unit ball in C n are basic examples of complex compact Kähler manifolds carrying a flat holomorphic normal projective connection. By [JR] this is not a complete list. Whether any compact complex Kähler manifold with a holomorphic normal projective connection carries a holomorphic projective structure, as in the affine case, seems still to be an open problem. While the uniformization theorem says that the answer to the problem is "yes" in the case of curves, Kobayashi and Ochiai showed that it is as well "yes" in the case of surfaces ( [KO] ). It is as well "yes" for projective threefolds ( [JR] ).
Splitting jet sequences may be a key to the understanding of this problem. In the affine case, we find for example:
Corollary. Let X be a compact Kähler manifold. The first jet sequence of Ø X is always split exact. One of the higher jet sequences The question is whether a similar result holds if one replaces Ø X in (0.1) by certain powers of a (numerical) theta characteristic on X as suggested by Biswas's result.
Projective structures and connections
In this section we briefly recall some basic definitions and results. Throughout this section, we assume that X is a compact Kähler manifold of dimension n, even though the Kähler condition is not always necessary. Concerning our notations see 1.7.
1.1 Holomorphic affine and projective structures. ( [KO] or [KW] ). X is said to admit a holomorphic affine (resp. projective) structure, if it can be covered by coordinate charts, such that the coordinate change is given by restrictions of holomorphic affine (resp. projective) transformations of C n (resp. P n ). A manifold with a holomorphic affine structure admits a holomorphic projective structure. The "list of standard examples" of compact complex Kähler (-Einstein) manifolds admitting a holomorphic projective structure, already mentioned above, consists of 1.) the projective space P n , 2.)étale quotients of complex tori, 3.) manifolds, whose universal cover is the unit ball B n ⊂ C n .
In 3.) note that the group of automorphisms of B n is SU(1, n), a subgroup of PGl(n + 1). By the uniformization theorem, every compact complex curve is in the list of standard examples, i.e., admits a holomorphic projective structure. The manifolds in 2.) admit a holomorphic affine structure.
There is one more (projective) example in dimension 3, namelyétale quotients of smooth modular families of false elliptic curves parametrized by a Shimura curve ( [JR] ).
The corresponding infinitesimal notions to holomorphic affine and projective structures are holomorphic affine and projective connections. Before we come to this we recall the definition of the Atiyah class of a holomorphic vector bundle:
The Atiyah class and a(E). ([A])
. Let E be a holomorphic vector bundle of rank r on X and {U α ; z 1 α , . . . , z n α } α∈I coordinate charts with coordinates z i α where E is trivial. Let {U α ; e 1 α , . . . , e r α } α∈I be a local frame for
The Atiyah class of E is the splitting obstruction of the first jet sequence, i.e., it is the image of id E under the first connecting morphism
, where Θ h denotes the canonical curvature of E with respect to a hermitian metric h on E. In particular, the trace of the Atiyah class is −2πic 1 (E) in H 1 (X, Ω 1 X ). If we define a(E) as − 1 2πi times the Atiyah class of E, then the trace of a(E) is c 1 (E), which makes this definition convenient for our purposes. In local coordinates, a(E) is the class of the Chech cocycle a(E)
See [A] for the functorial behavior of a(E) under pull-back, tensor products and direct sums.
Holomorphic affine and projective connections. ([KO] or [KW]) X is said to have a holomorphic affine connection if
where T X and Ω 1 X denote the holomorphic tangent sheaf and the sheaf of holomorphic 1-forms, respectively. If X has a holomorphic affine structure, then X has a (flat) holomorphic affine connection. Since we assume X Kähler, the existence of a holomorphic affine connection implies that X is covered by a torus ( [KW] , 2.4.1. Theorem). In other words: a compact Kähler manifold admits a holomorphic affine connection if and only if it is covered by a torus.
, where we use the identifications
for a more differential geometric description of projective connections). From now on we will drop the appellation "normal". If X has a holomorphic projective connection and c 1 (
, then X has a holomorphic affine connection. Hence: a compact Kähler manifold with a holomorphic projective connection and c 1 (T X ) = 0 is covered by a torus.
If X has a holomorphic affine (projective) structure, then X admits a holomorphic affine (projective) connection. A holomorphic affine (projective) connection is said to be flat or integrable if it corresponds to a holomorphic affine (projective) structure. The examples in 1.1 all carry a flat holomorphic projective connection.
Gunning's formula on the Chern classes of a Kähler manifold with a holomorphic projective connection says ( [Gu] , p.94)
Important for our purposes will be moreover the following result of Kobayashi and Ochiai:
1.5 Theorem [Kobayashi, Ochiai] . [JR] , that even in the case of projective threefolds the notion of holomorphic projective structures and connections coincide and that there is besides the standard examples only one more type that completes the list:étale quotients of smooth modular families of false elliptic curves.
1.6 Projective structures and splitting jet sequences. In Differential operators on complex manifolds with a flat projective structure ([B2]) I. Biswas shows, that if X is a complex manifold equipped with a projective structure and θ is a theta characteristic on X, i.e. a holomorphic line bundle such that θ n+1 ≃ K X , then, for any k ≥ 0, the jet bundle J k (θ −k ) has a natural flat connection and the restriction homomorphism, B2] , Theorem 3.7.). In particular, the (k + 1)-th jet sequence of θ −k splits in the situation of the theorem.
1.7 Notation and conventions. For a compact complex manifold X, the canonical divisor is denoted by K X . We will identify line bundles and divisors and write K X instead of Ø X (K X ). The tensor product of line bundles will be denoted by + or ⊗. A line bundle is called nef, if the intersection number with every irreducible curve is non-negative. It is called big, if the top self intersection class is positive. A vector bundle is called nef, if Ø P(E) (1) is nef on P(E). The symbol ≡ denotes numerical equivalence. A theta characteristic is a line bundle θ ∈ Pic(X), such that θ n+1 = K X .
Splitting jet sequences
The main result of this section is the following first order consequence of the splitting of jet sequences:
2.1 Theorem. Let E be a vector bundle on the compact complex manifold X. If the k-th jet sequence of E splits for some k ≥ 1, then
1.) the (k −1)-th jet bundle of E admits a holomorphic affine connection, i.e., a(J
Proof. Let a k (E) be − 1 2iπ times the splitting obstruction of the k-th jet sequence of E. Then a k (E) is an element in Ext
X ⊗ E) and a 1 (E) = a(E) from 1.2.
1.) The first jet sequence of J k−1 (E) and the k-th of E give the diagram:
Applying Hom(J k−1 (E), −) to the diagram gives a map
. This shows the first part of the theorem.
2.) If k = 1, i.e., if the first jet sequence of E splits, then a(E) = a(J 0 (E)) = 0 by 1.), and the claim is trivial. So assume k > 1. Applying Hom(−, S k Ω 1 X ⊗ E) to the (k − 1)-th jet sequence of E gives a map
2)
The image of a k (E) under this map will be calledā k (E). Since the k-th jet sequence of E splits by assumption,ā k (E) = 0. A contraction map
will show the claim. Compute nowā k (E) locally: choose coordinate charts {U α ; z 1 α , . . . , z n α } α∈I in X, such that E is trivial on each U α with local frame {U α ; e 
is a local frame for J k (E). Denote by j k g αβ the transition functions of J k (E). Then
X ⊗ E| Uα defines the extension class a k (E). We are only interested in the imageā k , defined in (2.2). This means that we will apply v αβ not to sections of J k−1 (E) but only to sections of the subbundle
Denote the corresponding columns of v αβ byv αβ . Then
The mapv αβ can be computed directly in terms of the local frames of Ω 1 X and E on U α and U β . For example in the case k = 2:
In the general case the first sum runs over all i 1 ≤ · · · ≤ i k and all pairs (i r , i s ), r = s and all u, and each dz i α dz j α ⊗ dz u * β has to be replaced by
The second sum has to be modified analogously. Let V be a vector space of dimension r with basis b 1 , . . . , b r . The natural maps
V can be expressed as a linear combination of contraction maps. Therefore all composition maps
Applied to the above situation, where V is the vector space generated by dz i * α , i = 1, . . . , n, we get
where
If the k-th jet sequence of of E splits, then [v αβ ] = 0, i.e., the class of the left hand side is zero. Since a(Ω 1 X ) = −a(T X ), the claim follows. 2 2.3 Corollary. Let E be a vector bundle on the compact Kähler manifold X. If the k-th jet sequence of E splits for some k > 1, then X admits a holomorphic projective connection and
In particular, if X is a surface, a projective threefold or if X admits a Kähler-Einstein metric, then X admits a projective structure and is one of the manifolds from section 1.1.
The identity (2.4) is obviously true even in the case k = 1, since the splitting of the first jet sequence means nothing but that a(E) = 0.
2.5 Remark. The corollary should be understood as follows. Assume that X carries a theta characteristic θ ∈ Pic(X). If E is a vector bundle on X, such that the k-th jet sequence of E splits for some k > 1, then the i-th jet sequence of E ⊗ θ k−i splits for i = 1, . . . , k. We will not prove this here; it will not be used in the sequel. Corollary 2.3 proves the case i = 1: the splitting of the first jet sequence of E ⊗ θ k−1 means the vanishing of a(E ⊗ θ k−1 ) or, equivalently,
Proof of Corollary 2.3. From the proof of the Theorem we know that the class of
For the identity (2.4) consider the contraction of the last two factors in
since id TX ⊗ a(E) maps to n · a(E) and a(E) ⊗ id TX to a(E). This shows (2.4). Consider on the other hand the contraction of the first two factors End(E) ≃ E ⊗ E * :
The claim follows now from the first set of equalities in the following Corollary 2.6, which are a direct consequence of the identity (2.4). 2 Using Gunning's formula (1.4) on the Chern classes of a compact Kähler manifold with projective connection and formula (2.4) in Corollary 2.3 we obtain:
2.6 Corollary. In the situation of Corollary 2.3, the Chern classes of E and X are related as follows:
For k = 1 this just means that the Chern classes of a vector bundle with trivial Atiyah class vanish.
Corollary 2.6 proves the first part of the theorem in the introduction. Before we come to the proof of the second part, we give the following 2.7 Example. If E is an indecomposable vector bundle of rank r on the smooth compact curve C, then the k-th jet sequence of E splits if and only if
(2.8)
Note that if E is decomposable, i.e., E = ⊕E i for some indecomposable vector bundles E i , then the k-th jet sequence of E splits if and only if the k-th jet sequence of E i splits for all i. Indeed, if the k-th jet sequence of E splits, then formula (2.8) holds by Corollary 2.6. Conversely, assume that E is a vector bundle on C satisfying 2c 1 (E) = r(k − 1) · c 1 (T C ). Then c 1 (E ⊗ θ k−1 ) = 0, where θ denotes a theta characterstic on C. By [A] , Proposition 14 and 19 the bundle N = E ⊗ θ k−1 can then be written with constant transition functions. Therefore
The claim follows now from Biswas' result.
Classification
We can now either consider special manifolds X carrying a holomorphic vector bundle E where one of the higher jet sequences split and study E, or, conversely, we can consider special bundles and ask what this splitting means for X. We start with the first case. In [JR] , Ye's result whereafter projective space is the only smooth Fano variety X admitting a holomorphic projective connection ( [Y] ) was generalized to the case of a compact Kähler manifold X that contains a rational curve. Using only direct consequences of the splitting of jets we prove here:
for example [MP] , p.37, 2.6. Theorem). Proposition 3.1 implies X ≃ P n and E ≃ ⊕ r Ø Pn (k − 1) proving 1.) of the Theorem. Concerning 2.), if det E * ≡ 0, then K X ≡ 0, X admits a holomorphic affine connection and is covered by a complex torus. Finally, if det E * is ample, then K X is ample. By the theorem of Aubin and Yau, X admits a Kähler-Einstein metric so that X is covered by the unit ball by Theorem 1.5. Proof. By the main Theorem just proved the splitting of one of the higher jet sequences of Ø X implies that X is anétale quotient of a torus T . If µ : T → X isétale, then µ * J i (Ø X ) = J i (Ø T ) implying that the i-th jet sequence of Ø X splits if and only if the i-th jet sequence of Ø T is split exact. Since Ø T is a theta characteristic on a torus, the result now follows from Biswas' result. 2 For X a curve, a Kähler surface or a projective threefold, Corollary 3.3 has the following more general form: assume that there exists a theta characteristic θ ∈ Pic(X). If one of the sequences
splits for k > 1, then they all split and X has a projective structure.
